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Preface

This project on control of early age cracking is part of the Danish Road Directorate’s
research programme, High Performance Concrete - The Contractor’s Technology',
abbreviated to HETEK.

In this programme high performance concrete is defined as concrete with a service life in
excess of 100 years in an aggressive environment.

The research programme includes investigations concerning the contractor”s design of high
performance concrete and execution of the concrete work with reference to the required
service life of 100 years.

The total HETEK research programme is divided into segments parts with the following
topics:

- chloride penetration

- frost resistance

- control of early-age cracking

- curing (evaporation protection)
- trial casting

- repair of defects.

The Danish Road Directorate invited tenders for this research programme which is mainly
financed by the Danish Ministry for Commerce and Industry - The Commision of
Research and Development Contracts.

The present report refers to the part of the HETEK project which deals with control of
early age cracking.

For durability reasons reinforced structural members should be well protected against
penetration of water, chloride etc. This means that cracks should be avoided or at least the
crack-width limited. Formation of cracks can take place already during the hardening
process. An evaluation of the risk of crack formation involves a stress analysis. In stress
analysis of hardening concrete structures, the load consists of the autogenous deformation
and the differences in thermal strains that arise from the heat of hydration. The mechanical
properties also change during the hardening process. If a stress analysis shows high
stresses compared to the tensile strength there is a high risk of crack formation.

The purpose of this project is to investigate these effects and to prepare a guideline
regarding Control of Early Age Cracking.

""In Danish: Hgjkvalitetsbeton - Entreprengrens Teknologi




The project was carried out by a consortium consisting of:

Danish Concrete Institute represented by:

Hgjgaard & Schultz A/S

Monberg & Thorsen A/S

RAMB@LL

COWI

and

Danish Technological Institute, represented by the Concrete Centre

and

Technical University of Denmark, represented by the Department of Strucutral
Engineering and Materials. '

Two external consultants, professor Per Freiesleben Hansen and manager Jens Frandsen,
are connected with the consortium.

The present report on Material Modelling, Composite Approach has been carried out at
the Technical University of Denmark.
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Summary

This report is part of the Danish Road Directorate’s research project on "Control of Early
Age Cracking” - which, in turn, is part of the major research programme, "High Perfor-
mance Concrete - The Contractor’s Technology (HETEK)", coordinated by the Danish
Road Directorate, Copenhagen, Denmark, 1997.

A composite-rheological model of concrete is presented by which consistent predictions
of creep, relaxation, and internal stresses can be made from known concrete composition,
age at loading, and climatic conditions. No other existing "creep prediction method" offers
these possibilities in one approach.

The model is successfully justified comparing predicted results with experimental data
obtained in the HETEK-project on creep, relaxation, and shrinkage of very young
concretes cured at a temperature of T = 20°C and a relative humidity of RH = 100%. The
model is also justified comparing predicted creep, shrinkage, and internal stresses caused
by drying shrinkage with experimental results reported in the literature on the mechanical
behavior of mature concretes. It is then concluded that the model presented applies in
general with respect to age at loading.

From a stress analysis point of view the most important finding in this report is that
cement paste and concrete behave practically as linear-viscoelastic materials from an age
of approximately 10 hours. This is a significant age extension relative to earlier studies
in the literature where linear-viscoelastic behavior is only demonstrated from ages of a few
days. Thus, linear-viscoelastic analysis methods are justified from the age of ap-
proximately 10 hours.

The rheological properties of plain cement paste are determined. These properties are the
principal material properties needed in any stress analysis of concrete. Shrinkage (auto-
geneous or drying) of mortar and concrete and associated internal stress states are
examples of analysis made in this report. In this context is discussed that concrete strength
is not an invariable material property. It is a property the potentials of which is highly and
negatively influenced by any damage caused by stress concentrations such as introduced
by eigenstrain/stress actions like shrinkage, temperature, and alkali-aggregate reactions.

Based on the overall positive results reported it is suggested that creep functions needed
in Finite Element Analysis (FEM-analysis) of structures can be established from computer-
simulated experiments based on the model presented - calibrated by only a few real expe-
riments.

© 1997 Lauge Fuglsang Nielsen

Parts of this report may be reproduced, but only with the indication of source: Lauge Fuglsang
Nielsen: "Composite Analysis of Concrete - Creep, Relaxation, and Eigenstrain/stress", HETEK-
report No. xx5(1997) on "Material Modelling - Composite Approach”, Danish Road Directorate,
Copenhagen, Denmark.
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1. Introduction

1.1 Outlines

This report is part of the Danish Road Directorate’s research programme "HE-
TEK” - Control of Early Age Cracking".

Concrete is considered as an aging isotropic viscoelastic composite material. A
composite-rheological concept for such materials is presented by which consistent
predictions of creep, relaxation, and internal stresses can be made from known
concrete composition, age at loading, and climatic conditions. Internal stresses
thought of are caused by external load or by eigenstrain/stress actions developed
during shrinkage, fire, and alkali-aggregate reactions for example.

The material concept presented and the analytical/numerical procedures derived
are the results of a compilation and integration of ideas previously reported by the
author in the field of concrete rheology. The list of literature at the end of the re-
port reflects this feature. The major part of references are to the authors own work
- and only some other references of immediate interest are included. Full credit,
however, to other authors in the field of concrete rheology is given in "own
works" listed.

A list of symbols most frequently used in the analysis is presented at the end of

this report.

1.2 Concrete as a viscoelastic material

It is generally accepted that concretes older than a couple of days behave approxi-
mately as an aging linear viscoelastic material when moderately loaded (less than
50% of strength). This perception of concrete was first formulated by McHenry
(1) - although implicitly applied years before by Dischinger (2,3) who made
the first and probably the most important step ever made to perform a practical
creep analysis of concrete.

The stress-strain relation of aging linear viscoelastic materials can be formulated
in three ways as presented in Equation 1 reproduced from (4). Age in general and

age at load application are denoted by t and © respectively. Age dependent

material properties are denoted by p(t) and q(t).

* HETEK is danish abbreviation of "High Performance Concrete - The Contractor’s
Technology" - a major research programme coordinated by the Danish Road Directorate,
Copenhagen, Denmark, 1997.
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al d*c < d*e
E p(t)—— = E q()——  differential representation
k=0 dt* = dt*
_ do. . ;
e = fC[t,G]_._de creep integral representation (1)
C = fR[t 6]_.d9 relaxation integral representation

The creep function C(t,0) and the relaxation function R(t,8) have the meanings
outlined in Figures 1 and 2. The two functions are related by Equation 2 from
which one of the functions can be determined when the other one is known. Vis-
coelastic characterizations of materials are very often made from experimentally
determined creep functions and/or relaxation functions.

’ Creapfunc‘t:ion' Relaxation function

strain
£
3
-

R(t.8)

E(6)
stress

§I stress » 1 imposed att « 6 strein = 1 imposedstt = 6
b7}
N

A 4
A 4

L] age-t ] age-t

Figure 1. Creep function is strain of Figure 2. Relaxation function is stress in
material subjected to a constant stress of material subjected to a constant strain of
magnitude 1 applied at t = 0. magnitude 1 applied at t = 0.

f creo) R ]de fR[ e]_[%ef_']de I ; (loading age: ©) 2)

It can be shown that the constitutive equations presented in Equation 1 equal the
expressions which relate load and deformation of mechanical models made by
combination of springs and dashpots, see Appendix A. Well-known examples are
illustrated in Figure 3 with age-dependent spring constants E and viscosities n.

Assumptions - multi-axial aspects - design accuracy

It is assumed in this report that the rheology of concrete in tension is approxima-
tely the same as in compression. This assumption reflects a common practice
which has been justified experimentally by Ross in (5). It is also assumed that
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the shear properties and bulk properties of concrete age in the same way. This
means, see Appendix B at the end of this report, that normalized creep functions
for shear behavior (subscript G), for bulk behavior (subscript K), and for the uni-
axial behavior explained in Figure 1 are the same, meaning that Cg(t,0)/C(6,0)
= C(t,8)/C(6,0) = C(t,0)/C(8,0). Materials with such creep behavior are so-called
viscoelastic materials with balanced creep. Balanced creep causes creep Poisson’s
ratios (Veg = -d€ppgp(t,0)/de; on6(t,0)) to become constants from the age at load ap-
plication - constants which equal the elastic Poisson’s ratios (v = -Epprp(0)/
€ong(0)) at the age at load application.

—We A £ Eft)

HOOKE "

n THOMSON —/\/\/— UFAS I =N
oo — — "W~

Ex ,
A |yl nk HE— 1,:
MAXWELL LETHERSICH n{t)
KELVIN MAXWELL
;i w PEEa e e
BURGER BURGER
KELVIN <

Figure 3. Mechanical analogies to linear ~Figure 4. Burger model of aging linear
viscoelastic materials. viscoelastic material.

Implicitly the assumption of balanced creep has always been made in practical
stress-strain analysis of concrete and concrete structures although the existence of
this phenomenon has never been agreed on (or has never been reflected on). It
seems that every author who has looked into the problem has his own opinion - or
that the phenomenon is so sensitive to concrete composition and measuring
technique that it is impossible in practice to present specific answers with respect
to the general creep behavior of arbitrary concretes. For example, vz = v was
deduced from experiments by Duke et al. (6) and suggested also by McHenry (1).
Ver = 0 seems to be the result which can be deduced from experimental data
obtained by Ross (5). The results presented in Figures 5 and 6, reproduced from
the author’s own work (7,8,9) on 3-D analysis of concrete, demonstrate that
creep Poisson’s ratios can be observed which change from being less than 0 (no
less than -1, bulk creep only) to being close to 0.5 (shear creep only). It is noticed
that both statements previously referred to, Ve = v and v = 0, appear section-
wise in Figures 5 and 6, meaning that statements on creep Poisson’s ratio based
on experiments may depend on period of time used in testing.

The experimental data used in Figure 5 and 6 are from tests made by Hummel et
al. (10) on longitudinal creep and lateral creep of various concretes subjected

7
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to a uni-axial stress of 10 MPa at the age of © = 28 days. The solid line in Figure
5 represents data predicted in (8,9) from estimated shear and bulk creep functions.

~

28 29 03 272 537days % 3 9 §23days
t T f T

T t T T 4 {
k' / * creep v
(@] Ad =
-3 2/ 93 =12
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Z > /
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0 \" 1 0 o o %7 N baarked creeqf
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< P A aeepy > nitial < -
1 > ot PrAM
fotinitalyy -7 Y L -
- v<{ _t
S P T S |-
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0 1 16 14 16

4 0 12 0 12
LONGITUDINAL STRAIN*(-10%) LONGITUDINAL STRAIN#(-10%)
Figure 5. Lateral creep versus longitudinal ~ Figure 6. Lateral creep versus longitudinal
creep of a granite concrete. creep of a basalt concrete.

When insufficient information are available on both creep functions (shear and
bulk) the author’s suggestion is that the concept of balanced creep is the only
assumption which can be made without being too pretentious. The concept is a
“coarse average" of observations hitherto made on creep of concrete in general,
including the mean of all data put together from Figures 5 and 6. It is at the same
time the simplest possible concept which is by no means a disadvantage in pro-
jects (like the HETEK-project considered in this report) where practicable methods
of analysis are principal research targets.

Important: We proceed assuming balanced creep in this report realizing that re-
sults obtained with respect to 3-dimensional (3D) analysis are average results valid
for an "average concrete". A 3D-analysis of a specific concretes may reveal results
which deviate substantially from the average results. An example presented in (9)
will illustrate this feature: A concrete cylinder with lateral strain kept constant is
loaded at an age of 28 days with an axial stress of 10 MPa. Which lateral stresses
develop on the cylinder ?. The concrete applied is the granite concrete used by
Hummel et. al (10) with viscoelastic behavior described in Figure 5. In the
author’s opinion this behavior represents a typical deviation from balanced creep:
Creep Poisson’s ratio starts up being =0 and ends up such that the overall Pois-
son’s ratio, -€pppp/€; ong, €quals the initial Poisson’s ratio after a long time.

The answers to the question formulated above are as follows if an analysis is made
where balanced creep is not assumed: 2.9 MPa at the age of 28 days, somewhat
lower than 2.9 MPa at ages between 28 days and 100 days, and 3.2 MPa at ages
greater than approximately 600 days.
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If balanced creep (or no creep) is assumed the answer is 2.9 MPa at any age.
Thus, the average solutions (balanced creep) to the problem considered deviate
time dependently with approximately +10% from the more exact 3D-solutions.

To decide if such deviations (£10%) are acceptable they must be considered
together with deviations with respect to reproducibility of experiments made to
deduce material properties - and with the overall accuracy expectations one might
have with respect to design of concrete structures.

In the author’s experience, only a very few examples can be mentioned where the
assumption of balanced creep is not acceptable. For these few examples (with very
high class concrete ingredients specified and with load and climate histories very
precisely predicted) information on concrete properties must be deduced from
complete 3D-experiments, and the structural design procedures must consider both
shear and bulk creep functions. In principles there are no problems in doing so.
The mathematical complexity, however, and number of experiments to be made
will increase dramatically.

Summary: The concept of balanced creep can be used in practical 3D-analysis of
most concretes and concrete structures. It is emphasized, however, that too rigoris-
tic conclusions should not be made from the resuits obtained without simultaneous
justifications with respect to actual creep behavior of concrete considered. This
"warning" applies also if any part of the uni-axial HETEK-project (37,Ph2+3) is
used to deduce other material properties than uni-axial properties from experimen-
tal data.

It must be emphasized that this summary is based on the assumption that typical
3D-behavior of a concrete is close to the one illustrated in Figure 5. If the overall
Poisson’s ratio, -€pgpp/€; ong, at long times is significantly different from the initial
Poisson’s ratio, then more serious deviations (than 10%) will appear between accu-
rate results and results predicted on the basis of balanced creep. This can easily
be shown by the analysis presented in (9).

Further research on the complete creep behavior of concrete is certainly needed
to identify more precisely concretes which behave as postulated.

1.3 Modelling of concrete with Burger-models

Mechanical analogies are extremely useful in experimental research on the visco-
elastic properties of materials. Total number of creep and/or relaxation tests to be
made can be reduced considerably from estimating mechanical models from a few
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number of trend tests - or from general experimental experience already known
from the literature. As an example the latter attempt has been used by the author
in (4):

It is well-known from the literature that creep of concrete consists of:

- A momentary elastic deformation.

- A delayed elastic deformation (reversible strain). This has very convincingly been
shown already by Illston (11) and Glucklich et al. (12).

- A viscous (irreversible) deformation. This has been known since the works of Dis-
chinger (2,3)

These observations are enough to suggest a Burger model as the basic model for
establishing creep functions for concrete. Momentary elastic strain is explained by
the free spring, reversible creep strain by the build-in Kelvin model, and the ir-

reversible creep strain by the free dashpot plus "frozen" recovery strain from the
former two mechanisms (due to aging).

M)
s | EO) 0D ED s |
E, () di? dt M) E,(1) )dt 3)
M)
N, E(D) | _ d’ | an, (9 de
& e P

The general differential stress-strain relation for the Burger model shown in Figure
4 is presented in Equation 3 reproduced from (4). Associated creep functions are
€ with ¢ = | introduced. Relaxation functions are ¢ with £ = 1 introduced. Equ-
ation 3 is shown for the sake of curiosity only. Equation 3 is by far too pretentious
to be used in practice. And also, the efforts to be used in determining all material
properties are obviously disproportionate to what can ever be achieved in accuracy
in viscoelastic analysis of coarse building materials such as concrete.

The Burger model, however, has great potentials in modelling the behavior of con-
crete in practice if we reduce (or modify) the influence of time on some material
parameters such that structural analysis can still be made with a degree of ac-
curacy proportionate to what is actually known about the rheological properties (in
total service life) of the specific concrete under consideration - which is not
always a well specified (and not reinforced) concrete cured under pre-set laborato-
ry conditions. Examples of modified Burger-model analysis have been presented

10
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by the author in (4,13) where creep expressions are suggested for the analysis
of mature (older than = 2 weeks) concrete structures. The observation previously
made on reversible creep of concrete was used to simplify the rate description of
reversible creep. Other creep functions based on Burger models have been presen-
ted by the author in (14,15,16). Great efforts are made in these papers to
develop easy-to-use creep functions in the analysis of mature concrete structures
especially - and also to develop methods for fast estimates in creep analysis.

1.4 This report

A composite-rheological description of concrete viscoelasticity is presented in this
report. The method is based on principles put forward in (17,18,19) where
concrete is considered as an isotropic composite material made of viscoelastic
cement paste and elastic aggregates. The method considers in one approach the vi-
scoelasticity of cement paste, mortar, and concrete as homogeneous materials (con-
tinua) - and expressions are given by which the internal stress/strain state can be
determined in concrete subjected to various load conditions, including eigen-
strain/stress loading such as caused by shrinkage and temperature. The method ap-
plies at any age of load application.

11




2. Improved creep description of concrete

More detailed studies of general information presented in the literature on concrete
creep can help us to further improve the creep functions based on Burger models:

- Reversible creep develops substantially more rapidly than irreversible creep does. The
rate of development decreases with age. The size of reversible creep is approximately
0.4 of the elastic strain associated. These statements are based on observations made by
Iliston (11) for example.

- Creep continues to increase - at least for a lifetime. The rate, however, is ever
decreasing (20,21). It has often been observed that creep from some time after load
application is well described by logarithmic functions of time (21,22, 23) - and
also (22,23) that creep functions for different ages of loading tend to become parallel
as time proceeds to long times.

It is concluded in (17) that these observations can be used to "construct" concrete
creep functions at reference climatic conditions (temperature T = 20°C, relative
humidity RH = 100%) as presented in in Equation 4. The former expression Cpgy
describes the elastic + delayed elastic part of creep, while the second expression
describes the rate of irreversible creep Cigrgy-

Cop(8,0) = __1_(1 + a*h(t,B)) (reversible creep)
E(©)
dC e /(1.0) @
1RREVE> 1 l( cYlo ) .
= 1 +pl—||— rate irreversible cree
dt Ftk p(e](rr ( of P)

E and F denote Young’s modulus and flow modulus respectively. a = 0.4 and C =
days are the so-called reversible creep factor and the consolidation parameter respec-
tively. = 1 and p 2 q are rate powers. h(t,8) denotes a function which rapidly varies
from O to 1.

At reference climatic conditions creep functions can now be written as follows with
two creep parameters introduced: A reversible creep parameter denoted by @, and
an irreversible creep parameter denoted by ¢. The rapidly developing function
h(t,0) previously referred to in Equation 4 has been approximated such that h(t,8) =
.

1 1 .
Ct0) = —_l1 + ax®) + _ th c ters
(t.9) E(G)( a ) F¢ with creep parame
0 t cy
d=1-1_= ; =logj—|+|—|@

12
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Remark: Both reversible creep rate and irreversible creep rate are sensitive to
temperature and humidity. In this report we assume that the sensitivity of the latter
is large enough in practice to ignore the sensitivity of the former creep rate. In the
author’s opinion we do not know enough today about the influence of climate on
creep to justify other than simple methods to consider this influence.

Based on these statements the influence on creep of climatic conditions is further dis-
cussed in Section 2.2 of this report. The following modified derivative of the irrever-
sible creep parameter in Equation 5 is reserved for this purpose with f; introduced
as a so-called climate factor.

dy _Jel, , (CY(® (6)
@ 7| et

2.1 Concrete as a composite material

Until now concrete has been considered as a continuum for which rheological
properties has to be determined by experiments. Nothing has been mentioned about
concrete composition, meaning that experiments have to be made every time we
choose another concrete. In this section concrete is considered as a composite
material defined by water-cement ratio and aggregate-cement ratio. By doing so we
open the possibility of predicting creep from concrete recipes, reducing considerably
the number of experiments to be made. Further advantages of the composite concept
are that internal stress analysis can be made of the specific concrete considered such
that risk analysis of internal damage can be made.

Concretes with water-cement ratios of W/C > 0.4 are considered in this report. It is
noticed, however, that concretes with W/C < 0.4 can be considered just as well by
the basic approach developed in (17). Only a few modifications have to be
introduced.

The viscoelastic composite analysis of concrete made in (17) introduces the fol-
lowing concept of concrete composition, see Figure 7: Concrete is a three component
system made of aggrégates of constant volume, a pore phase of constant volume, and
a basic paste of constant volume.

Basic paste is that part of the total cement-water system (so-called paste) which will
hydrate 100% and become cement-gel corresponding to an effective W/C = 0.38. The
pore phase has a volume which equals the volume of so-called capillary pores present
when all cement has become cement-gel. In other words: Basic paste starts up being

13
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aliquid suspension of cement grains in plain water. The amount of water corresponds
to W/C =0.38. A time dependent, constant volume phase transformation then takes
place which stops when all basic paste has become gel solid. The mechanical
properties of a basic paste change along with its phase transformation.

CONCRETE (W, C20.38) Figure 7. Volume composition
j >
| pasE ACGAEGATES of concrete with W/C 2 0.38.
Composite system I: Paste =
BASIC PORES . .
P Basic paste + pores. Composite
: ) system II: Concrete = Paste +
2 822 aggregates.. o
S 2 The following abbreviations are
2000 .
ot » SESRSSSASSSSssasnnE used: W, C, and P are weights
ve7o |, | Vy-100W/C-38 of water, cement, and aggrega-
V= 100W/C+32) \+38P/C tes respectively. V means vo-
V=100W/C+3BP/C+32 lume. Subscripts W and P refer
NOTICE: Basic paste is that part of the water-cement systam (cement pe- t? water and aggregate respec-
sta) which will hydrats 100% correspanding to an effactive W/C = 0.38 tively.

The volume quantities presented in Figure 7 are in cm® per 100 gram cement. The
volume concentrations associated are presented in Equation 7. The calculations are
made with specific weights of cement and aggregates being 3.1 and 2.6 gr/cm®
respectively. The basic paste occupies a volume which is 2.2 times the volume of
cement involved in producing this phase. These specifications are consistent with
similar quantities given by Powers and Brownyard in (24).

Composite_system I: Paste = Basic paste + pores
Vy _ 100W/C - 38

c, = " = Capillary pores in fully hydrated paste
v 100W/C+32(p ry p Jully hy paste)
1.8
1 -¢ 18 8
A, = — "l = 70 =~ 0.38 ("1.8", see text)
1 + Cy 200W/C - 6 wiC (7

Composite_system II: Concrete = Paste + aggregates

_ Ve 38P/C .
= = (Aggregates in concrete)
vV 100W/C + 38P/C + 32
A = 1 -¢
1 +¢

The composite (concrete) properties is determined in (17) assuming that the aggre-
gate phase is isotropically distributed as stiff, nearly spherical particles in a matrix
phase which is an isotropic mixture of basic paste and pores. Stiff means that ag-

14
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gregates have a Young’s modulus higher than 2-3 times the Young’s modulus of the
matrix which is always the case when normal hard aggregates are considered. It
comes from (25) that composites of this type have similar creep functions as the
matrix. We may then conclude that cement paste has a creep function like the one
presented in Equation 5. It is further concluded in (17) that also the basic paste has
this type of creep function. Stiffness related properties (E,a) and flow modulus (F),
of course, must be properly introduced.

Remarks: The geometry of pores in cement paste is considered by the power used
on the Ay-expression in Equation 7. The value 1.8 (default value in this report) appli-
es when the pore system is relatively open as in young concrete. A power value of
1 is more likely in more mature concretes where pore systems are less open.

Unless otherwise indicated Young’s moduli subsequently referred to are dynamic
moduli. A dynamic modulus (< a few seconds testing time) is a more reliable mate-
rial property than a static modulus (some minutes testing time) which is influenced
by creep, especially at very young material ages.

Reference climate

We maintain at first the reference climatic conditions of (T,RH) = (20°C,100%)
previously introduced. At a later stage, however, this restriction is released. After
some cumbersome calculations in (17) the results of the composite analysis is that
Equation 5 applies with E, a, and F introduced as follows where the reversible creep
factor a has been approximated from (17, Eq. 40). F, is flow modulus of basic paste,

2©@)A,A + N
E(0) = 3.2*10%(0)A, MPa Young 's modulus
gOA, + AN
Il -c¢
a®) = - Reversible creep factor  (8)
1 -l - g®A4A,)
A, )
F = F"—A— with F = 10*-10° MPa Flow modulus
E (MPa) .
N=__ Stiffness ratio
3.2x10*

®)

Degree of hydration with
t, = hours ; B = <1

( ) tR
= eXp} | —
8(® Y 5
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Relative amount of cement hydrated at age 6 is denoted by the so-called degree of
hydration g(8) which develops as indicated following a suggestion made by Freies-
leben (26). E, is effective Young’s modulus of aggregate.

Remark: Effective aggregate Young’s modulus is Young’s modulus times an ef-
ficiency factor y which considers the influence on aggregate stiffness of defect sur-
face contact to cement paste (such as caused by bleeding). The factor is y = fraction
of effective aggregate surface divided by total aggregate surface, see (27). A factor
of Y= 1 is default value in this report.

2.2 Creep in general

The influence of temperature on cement paste composition is assumed to follow the
concept of maturity (26,28), meaning that the composition at real age t at a
temperature history T(t) equals the composition at age t,, (maturity age) at a
temperature history of T = 20°C. The procedure of converting real age to maturity
age is shown in Equation 10 where the temperature function has been simplified
relative the one presented in (26).

t
t, = fL('r)d'c Maturity age
0 (10)

35

o 4
L@ = (M]z (0 if T < -15°C) Temperature function

It has been suggested that the influence of climatic conditions on creep of cement
paste (and concrete) at a fixed composition can be considered by introducing a
climate sensitive flow modulus into Equation 6 as explained in the former expression
of Equation 11 where f.. is a so-called climate factor which depends on some average
of various activation energies involved in the process of creep.

A
F = _i_A.v.V. with climate factor f. = f(T, RH, gradients) in general
C
(11)
5 ABS(RH,, - R
fe = _.TE.I_S RH, +5 (RH, ) structural member
35 1 + 4R

It is not the intentions of the present report to explain the climate factor in general.
Other researchers in the HETEK-project (37,Ph4A) consider this topic. It is, how-
ever, of interest in the present context to predict the average of creep in structural
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members and internal stresses associated. For this purpose the latter, empirical,
expression in Equation 11 has been suggested in (17,18) from inspection of data on
the influence of climate on creep compiled by Hilsdorf and Miiller in (29) and by
Hansen in (30). RH and RH,, are relative humidities on the surface and in the mid-
dle respectively of body considered. R is hydraulic radius in meters (volume/surface)
of body considered.

It is noticed that rate of creep is predicted to increase in general with increasing
temperature and with increasing equilibrium levels of humidity. Creep also increases,
however, when differences (positive and negative) appear between internal and
external humidity, meaning that both wetting and drying provoke increasing creep
(a similar mechanism of both cooling and heating increasing creep has not been
included in Equation 11. In the authors opinion we know too httle on this feature to
do so).

The general creep function for concrete can now be written as follows

C(t 0) =

with Young’s modulus, reversible creep factor, flow modulus, and reversible creep
parameter expressed as follows with maturity ages t =t and 6 = §_ introduced

E®) "32*10"’ (e )A g(g )jWA ;11:; :
TeOA, AN iy
1 -¢(l - 3(-9;.)AW) =

and with the irreversible creep parameter expressed by the following expressions ob-
tained from Equation 6 introducing t = t,, 8 = 6_, and dt_/dt = L(t), (temperature
function).

y

t: afbitrary-""climate' .

®(t,.8,)| constant climate:
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Cement paste and basic paste

Cement paste is concrete with ¢ = 0. The concrete expressions reduce as follows with
creep parameters from Equations 13 and 14. The expressions reduce further when
basic paste is considered where A, = 1.

1 1
Ct0) = (1 + ®) + _
(4.6) E(e)( ) + =0 5
E(6) = 3.2x10°A,,¢(6,) MPa Young 's modulus
F=FA, Flow modulus
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3. Viscoelastic composite analysis

Stress and strain are considered in this chapter as they develop in concrete subjected
to eigenstrain and external stress. As before concrete is considered as a particulate
composite with elastic aggregate particles in a viscoelastic cement paste matrix. The
stress-strain analysis will be made using the elastic-viscoelastic analogy (ex
1,4,31,32) which, for the present purpose, can be formulated as follows:

The solution to a viscoelastic problem is obtained from its elastic counterpart solution

by replacing Young’s modulus (of the matrix) with its viscoelastic counterpart operator,
which means

1 o d] (s ondl ] (16)
== {ca,e)_wde or E= OfR(t,e)_dee

The elastic solutions to problems of interest in this paper are listed in Table 1 based
on the authors work on composite materials in (33,34,35,36) assuming that
the Poisson’s ratio of the matrix has a value between 0.1 and 0.3. As before volume
concentration and Young’s modulus of aggregates are denoted by ¢ and E, respec-
tively. Young’s modulus of matrix is denoted by Es. Stiffness ratio is N = Ey/E;.
Volumetric eigenstrain of particles, matrix, and composite are denoted by o, o, and
0. respectively. Stress is denoted by ¢ with subscripts P and S for aggregates and
matrix respectively.

PROBLEM ELASTIC SOLUTIONS - PARTICULATE COMPOSITE

: A+N . E 1-c¢
Young’s modulus = =_"F d =

g E Es_lm with N E and A Y
Composite strain caused ol + AN

€ =
by external stress ¢ E,A+N
Internal stress caused by _ (1L +AN _ 0 -co,
external stress & Cp =0 A+N s = T -
N1 - A)

Eigenstrain/stress caused | ¢ =05 +Aa—___ "7 : Aa = o
. - . +
by particle eigenstrain o,

. . 1 -
and matrix eigenstrain o5 || O, = —KPAOLA A 5 ; Op = - o, ; (K, =EJL8)
+
Matri ' 3-A _
1x-stress at spheres Osrapme = O 5 Osmnoevmar = — ) o, (= max [o-s|)

Table 1. Elastic composite analysis of particulate composite. In eigenstrain/stress analysis:
Stresses Op and O are hydrostatic (G, su/3), strains () are volumetric. K, is bulk modulus
of particles.
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The elastic solutions presented in Table 1 and the elastic-viscoelastic analogy are

now used in this section to solve eigenstrain/stress problems in particulate compo-

sites like concretes. It is assumed that eigenstrain is experienced only by the matrix.

This refiects real behavior of concrete subjected to shrinkage. There is, however, no

problems in considering particles eigenstrain also such that internal stresses can be

determined in concrete subjected to heat or alkali-aggregate reactions. Internal stres-
ses caused by external load are also determined in this section.

As the procedures to follow are straight forward no further comments are made on
the analysis. Algorithms for numerical analysis are presented in Appendix C at the
end of this report.

3.1 Eigenstrain of composite

Elastic eigenstrain:

N+1 OCS (17)
o = Ao or Ao + E,— =Alo, + E,—
AN ES * PE,

Viscoelastic eigenstrain:

(18)
Ao + EfC(xe) 240 = Ao +Ef0(te)__de
3.2 Eigenstresses in composite
Elastic particle stress:
A E (19)
o, = Kja—— or Ac, + _EEGP =KAo, ; (K, = EJ1.8)
Vscoelastic particle stress:
(20)
= K A0
Matrix stresses G, and max o from Table 1 (21)
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3.3 Stresses in composite subjected to external stress

Elastic particle stress:
E E 22
o, AN . Ac, + Lo, = (1 + A)Lc, (22)
A+ N E, E,

Vscoelastic particle stress:

23
4c, (23)
Vscoelastic particle stress if 6 = ©, applied ar t = 9

(24)
Matrix stress G, from Table 1 (25)

Heaviside’s step function applied in Equation 24 is H(x)=0atx <0 and H(x)=1 at
x20.

3.4 Composite strain from external load

Elastic composite strain:

E E 26
s=_0-._ﬂ or Ae+_Ps=_I_G+£__PO' (26)
ES A+ N ES Es ES ES

Viscoelastic composite strain
t

de .
Ae + E, fca,e)_.de =Y, +Y, wih o

‘ dy,
Y, = fC(t 6)___d9 .Y, = AE, | Clt) Lo
0

The composite creep function C(t,0,) can be determined as strain € from Equation 26
with Y, and Y, expressed as follows with stress G = H(t-0,) introduced. (Heaviside’s
step function is H(x) =0 at x < 0 and H(x) = 1 at x > 0. Dirac’s delta function is d(x)
= dH(x)/dx).
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G=Ht-0) and Z_g -3¢t -0) =

‘ dc(e,0) 8)
Y, = C)HE - 8) ; ¥, = AE, [ o) ———ds

en
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4. HETEK-experiments versus theory

4.1 Introduction

In this chapter results predicted by the methods developed in this paper are compared
with results obtained experimentally in research project HETEK (37,Ph2+3) on
very young high quality concretes and mortars. We emphasize that it is implicitly as-
sumed at this point that concrete behaves as a linear viscoelastic body - also at very
young ages (hours). The relevance of this assumption is discussed at a later stage of
this report.

Creep of concrete is considered in Section 4.2, autogeneous shrinkage of mortar and
concrete in Section 4.3, and relaxation of concrete in Section 4.4. Only type of ex-
periments and test data are referred to. Any experimental details as well as full
descriptions of concrete/mortar compositions used are explained in (37,Ph2). The fol-
lowing extracts from material recipes are of interest in the present context. The ab-
breviation w% means weight %.

Concrete:  W/C = 0.45, P/C = 6.77 (P = 3.1 w% flyash + 0.6 w% solid silica + 96.3 w%
sand, gravel, and stones). Average density of P is 2670 kg/m’. Volume con-
centration of P is ¢ =0.72.

Mortar: ~ W/C =0.45, P/C =2.11 (P = 10.0 w% flyash + 2.0 w% solid silica + 88.0 w%

sand). Average density of P is 2560 kg/m’. Volume concentration of P is ¢ =
0.51.

o

Remark: The solid silica is part of a
slurry with equal weight amounts of
solid silica and water. The slurry water
is included in W/C indicated. Some
additives (plastisizers and void

producers) were used, the volumes of
S which are negligible from a composite
o0 P OTER T == | theoretical point of view. The volume
LOGyo(MATURITY, HOURS)® concentrations ¢ listed above differ a

Figure 8. Degree of hydration used in little from those (0.76 and 0.51) which
analysis. Other sources compiled in (17 ).

o
13

o
-

DEGREE OF IiYDRATION
'Y
N

o
[

can be estimated from Equation 7
where an aggregate density of 2600 kg/m” is implicitly assumed. The volume con-
centrations listed above are used in subsequent analysis.

Material parameters used in any analysis subsequently made on HETEK-concrete or
HETEK-mortars are summarized in Equation 29. The degree of hydration applied is
presented in Figure 8 together with a degree of hydration suggested in (17) as the
result of compiling a number of various information on cement hydration
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(38,39,40). A perfect contact is assumed between aggregates and cement
paste, meaning that an efficiency factor of y = 1 is assumed, see remark just fol-
lowing Equation 9.

Hydration: (B, t;) = (0.25, 12h)
Flow modulus F, = 2.2%10* MPa
Stiffness of aggregate: E, = 7.0%10* MPa (29)

Rate parameters: (p, q) = (10,1)
Consolidation parameter: C = 50 hours

Climatic conditions

The empirical nature of the climate factor f. presented in Equation 11 is emphasized.
Qualitatively the expression describes correctly the influence of climate on creep
rates. Quantitatively, however, it has to be verified/calibrated against much more ex-
perimental data than those previously referred to.

It is therefor decided to consider only results from HETEK-experiments where the
climate factor is approximately 1. This means data from experiments with T = 20°C
and RH = RH,, = 100%. In such experiments we include tests on autogeneous shrin-
kage of mortar and concrete irrespective of knowing that self-desiccation with time
may reduce internal humidity with up to about 15%.

50000 In the author’s opinion this decision
o] | }':g te:‘}lng . A .
< Egw | (seconds) will have no influence on the main

40000 SXaRdard
:'1 ] Esr | Gmnulos). _|_ - — - S objectives of the present study which
S 30000 - T . . .

are to establish basic rheological pa-

§ 1 k Epev :m:l’éng F=Eom/(1+0) g' p
o (ays) rameters for concretes used in prac-
% 1 tice. To obtain such parameters we
2100 DOTS: HETEK-experim. must minimize the number of para-

O bote-Sheoompa . . -

o S S Wi ol meters considered. At this point of

168 338 504 872 840 . . .
AGE — HOURS the present analysis the introduction

Figure 9. Stiffness moduli for HETEK-

o . of more, basically unknown, parame-
concrete defined in this section. ? y P

ters may act very disturbing - and in
fact very pretentious. Future studies and the results from other projects in the
HETEK-programme (37,Ph4A) with variable climatic conditions may modify the
results obtained with respect to improved climate factors.

Young’s moduli

The Young’s modulus E = E,y, for the HETEK concrete just defined is presented in
Figure 9 as calculated from Equation 8. The modulus E,, represents total reversible
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strain. Epyy and Eggy, are upper and lower bounds for the static modulus Eqr. A well-
known rule of thumb tells that Eq; is 10% - 20% lower than Epyn. Another rule
(british, dashed line in Figure 9) tells that Eg; ~ 1.25Epyy - 18600 MPa. HETEK
Young’s moduli are indicated by dots in the figure.

4.2 Deformation of concrete subjected to variable load

Three compressive stress-strain experiments were made at the Danish Technological
Institute (DTI) on concrete specimens cured at (T, RH) = (20°C, 100%). The
specimens were subjected to the load histories explained in Figures 10, 12, and 14.

Associated strains were measured as shown in Figures 11, 13, and 15 with dotted
lines.

Data predicted by Equation 1 with creep functions from Equation 12 are indicated
by solid lines in Figures 11, 13, and 15.

18 1.5

STAGE 1 STAGE 1
SPEC—1 ; SPEC—1
15 J

=
N

D(.j. o P ot

12 15)
=] N ("‘4
| ] 0.9 n|
" s R | f“
N | =z
i <6 \
£ Zoe 3 —
(2 n -

1 I_— 0.3 ==

T 336 SoA &3 Blo TR TSR s e

AGE — HOURS AGE - HOURS

Figure 10. DTlI-test stl-spl: Load applied. Figure 11. DTI-test stl-spl: Creep strain
observed.

Discussion

- The positive agreements observed in Figures 11, 13, and 15 between predicted data

and experimental results indicate that our implicit assumption of cement paste being
a linear viscoelastic material is justified in the periods of ages considered. Thus,
previous statements made that concrete behaves linear viscoelastically for ages
greater than days can now be modified such that concrete has this kind of behavior
down to ages of hours.
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This observation is very important - and it is very fortunate. In fact it is probably the
most important finding in the HETEK project: It is justified to apply the theory of
viscoelasticity in both structural and composite analysis of concretes of ages down

to about 10 hours.
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Figure 12. DTlI-test stl-sp2: Load applied.
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Figure 14. DTI-test stl-sp3: Load applied.
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Figure 13. DTI-test stl-sp2: Creep strain
observed.
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Structural analysis means that structures can be designed considering concrete as a
viscoelastic continuum applying the basic Equation 1 with concrete creep function,
Equation 12, or with concrete relaxation functions calculated by Equation 2 as
demonstrated in Figure 16, (Equation 2 is solved numerically as explained in Ap-
pendix C).

Composite analysis means that concrete strain and internal stresses can be calculated
as demonstrated in Chapter 3 from knowing the creep function of cement paste as
expressed by Equation 15. Such calculations have to be made before any crack risk
analysis can be made, whether the concrete is subjected to external load, shrinkage,
alkali-aggregate reaction, or heat. A composite analysis is made in subsequent Sec-
tion 4.3 with special reference to HETEK experiments on the influence of
autogeneous cement paste shrinkage on mortar and concrete behavior.

Remark: We emphasize that the parameters P. 9, and C can be considered constants
for the HETEK-cement considered: This feature is very fortunate when it comes to
practical creep analysis.

Generalization

The theoretical parameters suspect to changes when other concretes are considered
are the cement paste related properties: Degree of hydration g(t), flow modulus F,
(creep rate), the rate powers p and q, and the consolidation factor C.

4

The significance of these properties can

gg's"r?éoff{s&“ be explored comparing ‘the results'of the
T method developed in this report with ex-
3 - perimental data compiled in the
S literature on creep tests on mature con-

/ -
| | cretes. In the present context we will

// . - .

— | limit ourselves only to consider one set

indicated by dots in Figure 17 are from
L'Hermite et al. (23) as reproduced
from a compilation of creep data made

/
f of such data. The experimental results

-

NORMALIZED CRE'EP AND RELAXATION

e N N by Bazant et al. in (41). The concrete
TTop=-STIIZTITIETEE] used by L'Hermite et al. is made with
TR TR R 5 he (WIC, P/C, hard aggregates) = (0.49,
AGE — HOURS 4.8) and cured at (T, RH) = (20°C,

Figure 16. Associated relaxation and 100%).
creep. Load applications at 1, 3, 5, and 7
days.
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The theoretical results indicated by solid lines in Figure 17 are obtained using the
same rate parameters (p,q) and consolidation factor (C) as applied in the analysis of
HETEK-concrete. A less open pore system of the concrete loaded at § =730 days has
been considered with an Ay-power of 1, see "Remarks" in Section 2.1. Obviously
another cement was used by L’Hermite et al. This is evident from the low t-0 data
in Figure 17 which reflect the Young’s modulus variation with age. Further more, the
creep (flow) rate is lower, meaning that the flow modulus F, is greater than in the
HETEK-concrete. One data set has been excluded in Figure 17 from the test series
reported by L’Hermite et al. With load application at = 365 days a strain behavior
was observed after 600 days which falls completely out of line with results observed
with 6 = 7, 28, 90, and 730 days.

o
o

FROM ToP: o] Deductions: The agreement between
756 Bavs” experimental data and theoretical data in

Figure 17 is close enough to suggest
that the creep descriptions by the theory
presented in this report can be gene-
ralized to consider any age.

(t,©)*10°/PsSI
[=] o
> (4]
%\

o
N
y
.

It is worth noticing that the same para-
meters p, q, and C have been used for
both the L’Hermite-concrete and the
HETEK-concrete which indicates that
creep of concrete is controlled primarily

W

N
KR

B

e

CREEP FUNCTION — C(t,

e
o

4

0 ! 2
LOG1o(t—0,days) . .
Figure 17. L’Hermite concrete: (W/C,A/C) by hydration properties and flow modu-

= (0.494.8), (Btz) = (0.980h), F, = lus of the cement type and cement paste
5.9%10° MPa. applied.

Notes: The suspicion one might have (from observing that a lower flow modulus ap-
plies for the younger HETEK-cement paste than for the older L’Hermite-cement
paste) that the flow modulus in general is age dependent cannot be confirmed by the
results of L"Hermite covering an age period of more than 1000 days. Further more,
the statement of an aging flow modulus is contradicted by observations made by
other researchers that creep functions for different ages of loading tend to become
parallel as time proceeds to long times, see introductory part of Chapter 2.

The influence of cement types on flow modulus is worthwhile studying in a future
research project. It is very important in such a project to include studies on the
influence of additives and plasticizers (not used by L'Hermite) on decreasing the
flow modulus.
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4.3 Autogenous shrinkage

Mortar and paste

Autogenous shrinkage of a HETEK-mortar cured at (T, RH) = (20°C, 100%) is ob-
served in (37,Ph2) from the age of t = 0.5 hour to the age of t = 320 hours. The re-
sults obtained at the Technical University of Denmark are presented with dots in
Figure 18a (blow-up in Figure 18b). Unfortunately no similar results are available
for the paste. Such data are needed to predict eigenstrain/stress phenomenons such
as internal stresses and crack risks in concrete and mortar.

The problem in this section is to deduce the missing information from the mortar
tests, and then calculate internal stresses. We can solve the first part of the problem
by running the theory (Equation 18 with creep function presented in Equation 15) a
number of times with qualified guesses on paste autogenous shrinkage, and then
compare the mortar results obtained with the experimental data previously referred
to. It is assumed that composite shrinkage is first active at the age tg where the com-
posite starts solidifying, see Figure 18b. And it is assumed that ts for paste and mor-
tar are similar.

The results of the procedure just outlined are pfesented in Figure 19. A convenient
mathematical description of the cement paste auto-shrinkage deduced is presented
in Equation 30. It comes from (25) that the auto-shrinkage deduced for cement paste
is also auto-shrinkage of basic-paste (W/C = 0.38). It is noticed from Figure 19 that
auto-shrinkage is in fact a swelling from the age of solidification (5 hours).

AUTO-SHRINKAGE OF CEMENT PASTE (ANY WIC > 0.4)

0l

o, = 2t ; LS g
2
_ o~ Y%,
O = oy + — (¢ - 1) ;L <t<t,
0w "k
o, = o 2 o ” D@ -1t ; to<t<t
s — Y0 7 10 » I <13l 30)
20 " ho .
(04 -
_ 300 00, _ .
O = 0Ly + "7‘%—(1‘ tzo) » Iy <1 S L3oo
30 ~ la0
O = 0Oy, s > Ly,

(tp ) = (5h, ~1.245¢-2) , (1, 0.,0) = (10h, ~1.130e-2)
(g Og) = (20h, ~1.075e-2) ; (1, Oty) = (300, -1.170¢-2)

300°
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Now, when paste shrinkage is deduced internal stresses can be calculated by Equa-
tions 20 and 21. Predicted internal stresses are presented in Figure 20. It is noticed
that the cement paste stresses start being compressive. The aggregate stress is tensile
at the same time. At the age of approximately 130 hours, however, all stresses change

their signs.

0.000
” EXPERIMENTAL. $HRINKAGE DATA
E (indicated by| signatures)
o T, RH = [20°C, 100%
E
| —0.005
= MORT/
< L AR
©
o
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Figure 18a. Symbols: Measured
auto-shrinkage of mortar and
concrete. Solid line: Cement
paste auto-shrinkage deduced
Jfrom mortar tests.

Figure 18b. Blow-up of Figure
18a at low ages.

Age at start of solidification tg is
defined at first positive
derivative of shrinkage graph.
Mortar starts solidifying at t; =
5 hours, concrete at tg = 10
hours.

Figure 19. Shrinkage difference
of mortar in period, t;= 5 hours
(start of solidification) to t.

Remark: It is emphasized that the analysis made above is based on extrapolating
cement paste behavior to be linear-viscoelastic down to an age of 5 hours. The resulits
subsequently obtained on concrete will decide if this presumption is reasonable.
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Autogenous shrinkage of a HETEK-concrete cured at (T,RH)=(20°C, 100%) is ob-
served in (37,Ph2) from the age of t = 1 hour to the age of t =370 hours. The results
obtained at the Technical University of Denmark are presented with cross and circle
symbols in Figure 18a (blow-up in Figure 18b). It is noticed that age at start of solidi-
fication has been doubled relative to the mortar previously considered. It is believed
that this phenomenon is a result of some unknown interaction effect between plastici-
zer and aggregate surface. The phenomenon which has not been a topic of special
studies in the HETEK-project is worth exploring in a future research project. Until
then we proceed as follows.

The cement paste shrinkage properties previously deduced are used to predict the
concrete shrinkage data shown by lines in Figure 21 and internal concrete stresses
shown by lines in Figure 22. The theoretical procedures to follow are just the same
as outlined in the previous section - except that we do not first have to deduce the
shrinkage properties of the cement paste. It is noticed from Figures 19-22 that mortar
and concrete experience strain and internal stresses which are qualitatively alike.

Note: The agreement between experimental data and theoretical data observed in
Figure 21 is considered very satisfactory. Apparently the model of analysis worked
with (disregarding any mechanism explaining ages of solidification - and approx-
imating cement paste to behave linear-viscoelastically already from the age of 5
hours) can be used to predict shrinkage of concrete with a deviation of less than <
0.00004(volumetric) =~ 0.00001(linear) which is close to accuracy level which can be
achieved by measuring technique applied involving clearing of data with respect to
temperature deformation of test rig, see (37,Ph2).
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Discussion

There is a satisfying agreement in this section between experimental data and theore-
tical results. Especially when considering that the latter results are basically obtained
from a two-fold deduction procedure. First, cement paste creep is deduced from con-
crete creep experiments. Then, cement paste shrinkage is deduced from cement mor-
tar experiments. Actually, the results of this section present strong evidence indi-
cating that the basic ideas put forward in this report are sound: The HETEK-concre-
tes considered behave viscoelastically as defined by Equations 1 and 12.

This statement has also been confirmed in Section 4.2. From the results of the present
section, however, we may further tell that the assumption on balanced creep pre-
viously introduced is a reasonable assumption for HETEK-materials. The simulta-
neous agreement observed between experimental shrinkage data and predicted data
for both mortar (with ¢ =0.51) and concrete (with ¢ = 0.72) could not have been ob-
tained if the assumption was incorrect. Theoretically eigenstrain-stress analysis is a
matter of volumetric creep only.
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Internal stress - crack risks - strength variation

In the analysis just made on autogeneous shrinkage of mortar and concrete it is
noticed that tensile stresses of 1 - 2 MPa develop in the cement paste. Whether this
is enough to provoke failure initiation or not can only be decided by a viscoelastic
crack mechanical analysis. Such analysis, which has not been made in the HETEK-
project, is very much needed in future research projects made to relate strength of
concretes (of arbitrary composition) to strength of cement paste.

This section may be considered as a preparatory study to such projects. Further stu-
dies are made on internal stresses caused by eigenstrain. Drying shrinkage is conside-
red as an example. Stresses caused by drying shrinkage will become much larger and
more dangerous than stresses caused by autogeneous shrinkage. This can easily be
shown by Equations 20 and 21 with creep functions from Equation 15. Two examp-
les are subsequently presented on average strain and average-stresses provoked by
drying shrinkage. In both examples climate factors are used as explained in Equation
11 (latter expression) and Equation 14.

It is emphasized that the results presented are average values also with respect to
changing profiles of humidities. More exact results can be obtained by FEM-analysis
introducing the theoretical results referred to in Chapter 3 on eigenstress versus ei-
genstrain and strain in general versus external load together with more refined (local)
climate factors (f¢). It is, however, anticipated that the orders of magnitudes obtained
by the approximate average analysis reflect real behavior sufficienly well with
respect to general expectations on accuracy considered in Section 1.2.
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Figure 23. HETEK-concrete exposed to Figure 24. HETEK-concrete exposed to
drying at RH = 50 % from the age of 5 drying at RH = 50 % from the age of 5
days. All data are averages. days. All data are averages.
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Example 1: A HETEK-concrete is exposed to drying at RH = 50% from the age of
5 days, temperature is invariable at T = 20°C. A very modest (volumetric) paste
shrinkage of o = -0.006(1-exp(-(t,hours-120)/1000)) is assumed. A structural
element is considered with a hydraulic radius of 0.2 m which corresponds, for ex-
ample, to a high beam of width 0.4 m, or to the approximately 0.2 m outher part of
a very thick wall (estimated local surface "hydraulic radius"). The results of analysis
are shown in Figures 23 and 24.

Example 2: The coarse aggregate stress in a concrete subjected to drying at RH =
60% from the age of 28 days was observed experimentally by K.E.C. Nielsen in
(42). The concrete (LLL3) considered by Nielsen is made with a water-cement ratio
of W/C = 0.4, a total aggregate concentration of ¢ = 0.7, and no additives. Curing
temperature is T = 20°C. Test specimens are cylindrical (@ 14 cm) with a hydraulic
radius of R = 0.035 m. No information on creep of the concrete considered is
reported by Nielsen.
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Figure 25. Nielsen-concrete (LL3) exposed  Figure 26. Nielsen-concrete (LL3) exposed
to drying at RH = 60 % from the age of 28  to drying at RH = 60 % from the age of 28
days. All predicted data are averages. days. All predicted data are averages.

The strains and stresses monitored continuously by Nielsen are presented in Figures
25 and 26 by dotted line sections. The theoretical predictions presented in the figures
are calculated assuming a creep behavior similar to the L'Hermite-concrete previous-
ly considered (B, ty, F,) = (0.9, 80h, 5.9*10* MPa) and (p, q, C) = (10, 1, 50 h). This
assumption is made from guessing that similar normal cement types were probably
used by Nielsen and L’Hermite in the years 1965-1971.

A cement paste vol-shrinkage of o, = -0.009(t(h) - 672)/(t(h) + 3000) is first deduced
following the procedures explained in "Mortar and paste" in this Section 4.3. Then
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composite stress and strain are determined as previously explained. The results are
shown by lines in Figures 25 and 26.

Remark: The simultaneous aggrement demonstrated in Figures 25 and 26 between
experimental and predicted results on strain and stress is a strong justification of the
composite-rheological concept of concrete explained in Chapter 2.

Discussion: It is by no means obvious that the HETEK-cement paste can withstand
a tensile stress (average) of 6 MPa or that the Nielsen-cement paste can withstand a
tensile stress of 17 MPa - superimposed, probably, with internal stresses provoked
by heating or structural loads as illustrated in Figure 27 with results calculated as ex-
plained in Section 3.3. Once again: It is important that crack mechanical analysis are
made in future research projects considering eigenstrain-stress versus strength. Such
projects should reproduce the very clever experiments made by Nielsen (42) - imple-
menting modern technology developed in recent years.

It is important to realize that strength of concrete, being a composite material, is not
an invariable material property which depends only on degree of hydration. It is a
property the potentials of which is highly and negatively influenced by any damage
caused by stress concentrations in time before strength is measured - stress con-

centrations caused by eigenstrain-stress

-
(4]

5 effects from shrinkage, fire, and alkali-
§ AGGREGATE aggregate reactions for example. It is
::’ ‘o also a property which depends on time
? and load history (43).
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& reject the statement that strength is a va-
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100 AGE (S0URS ) "0 riable "material property". As in structu-
Figure 27. Stresses in HETEK-concrete Tl wood local damages (knots) play a
loaded with 1 MPa at the age of 10 hours. minor role with respect to stiffness and
Stresses do not change very much from the creep. They have a major influence on
age of 11 hours. _

strength, however.

Long-time strength of wood is always lower that short-time strength. This is different
for concrete (43). Concrete strength will increase with time when the concrete con-
sidered is subjected to loads lower than approximately 70% of short-time strength
and the concrete structure is not disturbed by additional eigenstrain actions during
its lifetime. Concrete strength reduces with time when load is higher than =70% of
short-time strength.
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4.4 Relaxation of concrete

Compressive relaxation experiments were made at the Technical University of Den-
mark on a HETEK-concrete specimen cured at (T, RH) = (20°C, 100%). The speci-
men was subjected at the age of 72 hours to the "constant" strain history indicated by
partly coinciding dots in Figure 28. Associated stress was measured as shown in
Figure 29, also with partly coinciding dots.

A maximum stress of 8.21 MPa was detected 7 minutes after load application at a
strain of 282*10™ which reveals a Young’s modulus of 29000 MPa. For two reasons
no immediate theoretical prediction can be made. The strain is not an accurate con-
stant, and the Young’s modulus is not dynamic. An approximate prediction, however,
can be made in the following way: We estimate E,,, = 1.2*E; which will simulate
a max stress of 10 MPa, 0 minutes after load application. In this way a theoretical

relaxation can be predicted by Equation 2 (and Appendix C) as presented by the solid
line in Figure 29.
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Figure 28. Effective strain in relaxation ex-  Figure 29. Relaxation: Experimental (part-
periment (cleared with respect to shrin- ly coinciding dots) and predicted (solid li-
kage). ne) as explained in main text.

Discussion

It is emphasized that the relaxation experiments referred to are made with a maxi-
mum of accuracy with the technology available (37,Ph3). It is simply not possible
within seconds to calibrate strain to hold a precisely constant value from a certain
concrete age. The prediction made with estimated dynamic Young’s modulus, howe-
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ver, is quite realistic. It is common knowledge that dynamic moduli are approxima-
tely 15-25% higher than static moduli.

It can then be concluded that there is a satisfying agreement between experimentally
obtained relaxation data and theoretically predicted data.
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5. Conclusions

Composite analysis of concrete: A creep theory for concrete is presented in this
report. The theory consistently predicts creep and internal stresses as a function of
concrete composition, age at loading, and climatic conditions. No other existing
“creep prediction method" offers these possibilities in one approach.

At reference climatic conditions, (T,RH) = (20°C,100%), theoretical predictions on
creep, shrinkage, and relaxation of very young concretes (hours) are successfully
compared with experimental results obtained in the HETEK-project (37). At similar
climatic conditions theoretically predicted creep results agree with data from experi-
ments on mature (weeks) concrete reported in the literature (23). Theoretical predic-
tion of average aggregate stresses caused by shrinkage in mature concrete dried at
(T,RH) = (20°C,100% — 60%) agree with results reported in the literature (42).

It seems that the theory presented is general with respect to age at loading. This
means that stress-strain analysis of concrete and concrete structures can be made in
one continuous approach without introducing separate constitutive relations for early
age concrete, young concrete, and mature concrete.

Remark: Climatic conditions different from (T,RH) = (20°C,100%) are considered
theoretically modifying the rate of creep by a climate factor (f;) which can be formu-
lated in two ways: One by which climate effects are considered as an average in
structural members such as walls and beams, and one by which these effects are con-
sidered locally in a continuum. In this report the former approach is used for appli-
cations. The latter formulation is of minor interest in the present context of deter-
mining basic rheological properties, and is therefor only discussed in principles.
"Local" climate factors are, however, of major interest in Finite Element Analysis
(FEM-analysis) of large structures. Other tests are designed in the HETEK-project
(37,Ph3+4A) to reveal information on local climate factors.

HETEK-creep experiments: The positive agreements observed between predic-
ted data and experimental results (HETEK) indicate that the cement paste and con-
crete tested can be considered as linear viscoelastic materials from the age of approx-
imately 10 hours. Previous statements made that concrete behaves linear viscoelasti-
cally for ages greater than days can be modified such that concrete has this kind of
behavior down to ages of hours.

This observation is very important - and it is very fortunate. In fact it is probably the
most important finding in the HETEK project: It is justified to apply the theory of
viscoelasticity in both structural and composite analysis of concretes of ages down
to about 10 hours.
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Structural analysis means that structures can be designed considering concrete as a
viscoelastic continuum. Composite analysis means that concrete strain and internal
stresses can be calculated considering concrete as a viscoelastic composite material.

HETEK-shrinkage experiments: There is a positive agreement between experi-
mental data and theoretical results. It is stated that the basic ideas put forward in this
report are sound: The HETEK-concrete behaves linear-viscoelastically. This has al-
ready been concluded from the creep experiments. From the results of the shrinkage
experiments, however, we may further tell that the HETEK-concrete considered
behaves viscoelastically with general creep described sufficiently well by only one
creep function, namely the uni-axial creep function. This means that 3D-analysis (3-
dimensional) of structures made of HETEK-concrete can be based on the concept of
balanced creep. (It is emphasized that other concretes my behave differently).

HETEK:-relaxation experiments: There is a satisfying agreement between ex-
perimentally obtained relaxation data and theoretically predicted data. The latter data,
however, had to be modified recognizing that accurate relaxation experiments, with
technology available today, cannot be made sufficiently fast.

Computer simulated creep tests - FEM: The overall positive agreement de-
monstrated in this report between theory and experimental data indicates that creep
functions needed in Finite Element Analysis (FEM) of structures can be established
from computer-simulated experiments based on the theory presented in this report,
calibrated by only a few real experiments - supplemented, of course, with known hy-
dration properties of cement used.

The maximum number of parameters to calibrate are four: Flow modulus F,, con-
solidation parameter C, and the rate parameters p and q. An analysis made in Section
4.2 indicates that the three latter parameters can probably be fixed at C = 50 hours
and (p,q) = 10,1) which leaves only F, to be calibrated. It is emphasized, however,
that the analysis in Section 4.2 is based on two creep data sets only (HETEK and
L’Hermite). Thus, until more evidence on C,p,q is compiled it is recommended to
calibrate all four parameters mentioned above.

Calibration experiments at climatic conditions (T,RH) = (20°C,100%) should be de-
signed such that reliable basic rheological properties (including lateral creep behavi-
or) of the concrete considered can be deduced and cross-checked a number of times
up to an age of at least 10 weeks. Three tests (a test set) are suggested for this pur-
pose: m A stepwise increasing stress with total unloading at the end (in principle as
demonstrated in Figure 10), = astepwise decreasing stress with uploading at the end,
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and = a stepwise, randomly varying stress (in principle as demonstrated in Figure
12).

Average step length should be approximately 1 week. Stress must not exceed ~40%
of immediate strength. Number of calibration experiments depends on accuracy clas-
sification of analysis to be made. For example:

High classification: 2 test sets (10% of design tasks)
Average classification: 1 test set (20% of design tasks)
Normal classification: ~ 0-1 test set (70% of design tasks)

These numbers are suggested assuming that all parameters (F,,C,p,q) considered
above must be calibrated. If experience shows that some parameters can be fixed the
number of calibration tests may be reduced.

It is emphasized that calibration tests, theoretically, are needed only when new com-
binations of cement types, additives, and aggregate properties are met. Basically the
computer-simulation technique outlined is based on composite theory, meaning that
it is invariable with respect to aggregate content. Catalogues on basic rheological
properties for groups of concretes can be made, based on calibration experiments
with any aggregate content (mortars or concretes).

It is recommended that the suggestions made above on computer-simulation and cali-
bration experiments should be further studied and discussed in a minor research pro-
ject with respect to standardized procedures. Obviously, a high priority target in this
projebt is to provide information for practice such that stress-strain analysis of con-
crete and concrete structures can be made in one approach without introducing sepa-
rate constitutive relations for early age concrete, young concrete, and mature con-
crete.

Remark: It is emphasized that calibration experiments are made to produce infor-
mation on basic rheological parameters. They do not (and shall not) consider the
influence on creep of climatic conditions different from (T,RH) = (20°C, 100%). In
this report such influence is considered theoretically by rate of creep modification as
explained in Section 2.2. A climate factor (Equation 11) has been suggested which
considers the average effect of climatic changes on creep of structural member sec-
tions. Observations made by other researchers in the HETEK-project (37,Ph4A) may
help to present more refined "climate factors" to be used in accurate FEM-analysis
of more general material sections.

Future research: A number of problems have been identified in this report which
should be considered in more details. For example:
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- Experimental three dimensional creep analysis of concrete as related to concrete com-
position.

- Accuracy of structural concrete analysis made assuming balanced creep if such creep
behavior is an approximation of true behavior.

- Theinfluence of cement type and plasticizers and other additives on flow modulus (rate
of creep, activation energy).

- Activation energy for creep as related to concrete composition (aggregate concentration
especially) and general creep behavior (balanced or not balanced creep).

- Strength and formation of cracks as related to internal stresses produced by
eigenstrain/stress effects. The phenomenon of time dependent strength should also be
considered in this project.

- Experimental analysis on internal stresses versus aggregate content. This project should
also consider the phenomenon of age at solidification as influenced by plasticizers and
aggregate concentration.

- Reliability in general of material properties deduced from a few uni-axial experiments
only. The question of reproducibility should also be considered in this project.

- Finally, most concrete in practice is made with normal or prestressed reinforcement.
This feature should not be forgotten in research on concrete rheology. Stress distributi-
ons in concrete structures change considerably as the result of reinforcement. A number
of research projects can be defined which relate plain concrete research to structural
concrete research. In this respect some guidelines can be found in (4,44,45).

Structural analysis: Theoretically the composite results obtained in this report
can be implemented directly into the analysis of simple concrete structures keeping
the information on internal composite stresses. When large structures, however, are
considered with complex shapes such analysis is not practicable. FEM-methods have
to be used with "homogeneous" material properties introduced as estimated from
composite theory. The stress-strain analysis then becomes an average analysis where
important local stress-strain information are lost. Studies must be made on how to
compensate for these losses. In the author’s opinion one way is to use finite elements
of sizes greater than approximately 5 times the size of the greatest aggregate used in
concrete composition. Then "composite sub-analysis” can be made on critical ele-
ments with respect to local stress-strain state.

An example will illustrate this feature: A concrete plate is considered with fixed sup-
ports. The cement paste shrinks. Average tensile stresses in the plate can be determi-
ned by FEM-analysis (only, however, with concrete shrinkage determined by com-
posite analysis). The lifetime of the plate cannot be evaluated from known short time
strength and FEM-stresses calculated. It can, however, from a "composite sub-
analysis" combined with a viscoelastic fracture analysis by which the influence of
time and load history on strength can be considered.
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Appendix A - Generalized viscoelastic models

Non-aging viscoelastic materials are considered in this appendix. In principles,
however, the text applies also for aging materials with age dependent material para-
meters E,n.

It can be shown (e.g. 46) that general mechanical models for viscoelastic materials
can be established in two ways as illustrated in Table Al. One general model is a
Maxwell model connected in series with a chain of several Kelvin models in series.
E denotes momentary stiffness, Eyg, denotes delayed stiffness and T denotes
relaxation time. The number of Kelvin elements can be finite (N) with creep
functions consequently described as shown in Equation Al - or it can be infinite in
which case creep functions can be expressed as shown in Table A1 with continuously
distributed Kelvin relaxation times considered by the so-called retardation spectrum,

= I(7).

The other general model is a Hooke model connected in parallel with a chain of se-
veral Maxwell models in parallel. E denotes momentary stiffness, Egg, denotes re-
laxed (final) stiffness and T denotes relaxation time. The number of Maxwell ele-
ments can be finite (N) with relaxation functions consequently described as shown
in Equation Al - or it can be infinite in which case relaxation functions can be
expressed as shown in Table Al with continuously distributed Maxwell relaxation
times considered by the so-called relaxation spectrum, h = h(1).

KELVIN CHAIN E, MAXWELL CHAIN
E E1 Eﬂ
REL
J\/\/\_{ W\_F us
L L L
SHE -‘I/EnEv Ty n,,/En ZEn E-EreL T, = N,/Ej,

RETARDATION SPECTRUM I(t) | RELAXATION SPECTRUM h(t)

Ity with f@dx =-_1 nwy with (MO = -,
0 REV O
CREEP FUNCTION C(t) RELAXATION FUNCTION R(t)

A=

Table Al. Generalized mechanical models (analogies) for viscoelastic models. Reproduced
from (47).
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The results in Equation A1 can be predicted from Table A1 with discrete rheological
spectra (retardation, relaxation). Examples are the simple models shown in the main
text, Figure 3. Most often the analysis of complex viscoelastic materials can only be
made numerically. In this context should be mentioned that useful information on
couplings between rheological characteristics of materials can be found in (fx
46,48,49,50).
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Appendix B - Multi-axial aspects

In this appendix a very short summary is presented on general creep of isotropic vis-
coelastic materials as this topic is considered by the author in (fx 8). The appendix
is used in the main text, Section 1.2, to demonstrate the concept of balanced creep.

In a normal rectangular 1-2-3 coordinate system the stress-strain relations presented
in Equation B1 apply with deviatoric creep function C; and volumetric creep func-
tion Cy. Deviatoric and volumetric stress and strain components are defined in E-
quation B2 with Kronecker’s delta 6; = 1 if i = j and 8;=0ifi#j.

t
ds..
e. = |C.[t,01—Ld0 deviatoric strain
v T de A
° e, =e, + e, general (B1)
do,, v 3
g, = fCK[t,G] dO volumetric strain
4 doe
Devigtorie |65 = & 0,€,/3 strain Gj = 12.3)
eviatoric _ _ ij = 1,2,
s; = O Sijckk/3 stress (B2)
=g, +t&, +¢ strain
Volumetric oo . 2 . > ¢
Oy = O, *+ O, + O, Sstress

Uni-axial stress state: Longitudinal strain [11] and lateral strain [22=33] develop
as follows (derived from Equation B1) under a constant uni-axial stress state acting
from age 0,

G,
g, = —(2C,(5,0) + C.(t8
1 3 G( 1)) K( ())) (B3)

s uni-axial stress o, H(t - 6)
€n = —?,ll_(_CG(t’eo) + Cil1.8,))

showing that uni-axial creep and "overall" Poisson’s ratio develop as presented in
Equation B4.

o) = l(ZC 60 + CK(t,GU)) uni-axial creep function

3
vito) = -f2 o C88) - G8)
o & 2C,18) + Cpl(28)

(B4)

"overall" Poisson'’s ratio
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Balanced creep: This type of creep is defined when both the deviatoric creep
function and the volumetric creep function age in the same way, meaning

fit,) C0) = J49) (BS)
2G(9) 3K(®)

14

CG(t’en) =

where £(t,0,) is an aging function. Then Equation B4 reduces as follows

with E®) = —0)G0)
” 3K@®,) + G@©,)
3K(®,) - 2G(6)

23K®,) + G(8,)

Ct8) =

f( t’ er))
E©

74

(B6)

v(£,0) = v(0) =

where K(6,), G(8,), E(8,), and v(8,) denote bulk modulus, shear modulus, Young’s
modulus, and Poison’s ratio respectively at age 8,. It is noticed that the "overall"
Poisson’s ratio becomes a constant when balanced creep is considered - a constant
which equals the (real, initial) Poisson’s ratio at age of loading 0,.
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Appendix C - Algorithms .

Some simple algorithms are

Acc® demonstrated in this appen-
cltnt1) = cltn-1.£1) + Acn ; n=1...N . ] i

dix by which the composite

clt3£1) stress-strain problems de-

ot281) 1 scribed in Chapter 3 and

clt1.t1) Ac2 also the creep-relaxation

serf-ewrsn  meteen/e2) " M gy | Problemin Chapter I can be

| | L solved numerically. The ti-

o1’ 3 W me partitioning illustrated in

Figure C1 is very appropria-
te in most analysis on com-
posite properties where
stress and strain vary smoothly with monotonically decreasing absolute derivatives.
The summations are made with simple step approximation of functions. Number of
increments can be reduced by trapeze or smooth approximations. Symbols have the
meanings explained in Chapters 1 and 3.

Figure C1. Partitioning of time and creep function for
numerical integration.
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Eigenstresses in composite

Viscoelastic particle stress:

n-1

. AGP\"‘I * AAGP-" * EPZ AGPJ C(tn—l’ti) * EPAP,nC(tn’tn) = KPAa’S.n
i=]
Ko, - Ao, | - pE Ac, C(t, 1) (C3)

AP,n = A + EP/ S(tn) (n 2 2)

Matrix stresses G5 and max o, from Table 1 (C4

Stresses in composite subjected to external stress

Viscoelastic particle stress:
n-1
A(o,,, + Ao, ) + E,[Z Ac, C(t, 1) + Ao, C(t,t)| = Y (next scheme)

Y, - P}: A, Ct 1) - Ac (©5)

Pn-1

A + EJE(t)

o o (L HAN . E _
Ac,, =0, =o0o() — ith = Es(;l) i Op, = Op,, *+ AC,,
. d
(0}
y |0+ AE, Of C0 2540 general G (C6)

o(l + A)E,C(2,6 )H(t - 0) constant ¢ = o H(t -0)

Matrix stress o from Table 1 (C7)

Remark: Heaviside’s step function is H(x)=0atx<Oand Hx)=1atx >0.
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Composite strain from external stress

Viscoelastic composite strain

n-1

A(en—l * Aen) +E ZAeiC(tn—l’tt.) M Aen(:(l‘n’tn) = YI * YZ
i=1 '
n-1

Y, +7, —EZABC(“, 1) - Ae__
Ae = (n=2) (C8)
" A + EJE(t)
o(t o(t E
1=E(‘)= WL v B
(t) Eft) A+N E(t)

Creep function especially

C =CHIt-1) ; ds cdt-1) =
dt
Y, =cCtt)H(t—t) =
‘ ( o) (C9)
Y, = 6 AE fc:( e)_e"_de - GAEPZ Clt,1)A,
i=|l
A. = C(t,,t) C 1) 5 (OBS: C(t,_,t) = 0)
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List of notations

The symbols most frequently used in this report are listed below. Whenever needed
to distinguish phase properties from composite (mortar or concrete) properties sub-
scripts P and S refer to phase P (aggregates) and phase S (cement paste or mortar)
properties respectively while composite properties are not subscripted. Local sym-
bols used only in intermediate results or closed sections are not listed. Uni-axial pro-
perties are referred to unless otherwise indicated.

Subscripts:
P,S  Phase P (aggregates) and phase S (paste or mortar)
REV  Reversible
IRREV  Irreversible
LONG  Longitudinal
PERP  Perpendicular
DYN  Dynamic
ST Static
o Basic paste, reference age at loading
Time and climate
t Age
O  Age atloading
ts  Age at start of solidification
T  Temperature
tw O,  Maturity ages
L(t) Temperature function
g(t) Degree of hydration
ty, B Time parameter and power factor in g(t) expres-
sion
RH Relative humidity
fc Climate factor
R Hydraulic radius = volume/surface (m) of struc-
tural element
Concrete
-W/C  Water-cement weight ratio
P/C  Aggregate-cement weight ratio
Composition
¢ Volume concentration of phase P in composite
A=(1-c)/1+c)  Aggregate concentration parameter
Cw Vol-concentration of capillary pores in fully hydra-

Aw=(1-cy)(1 +cy)™®

ted cement paste
Pore concentration parameter
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K= K(t)
G=G()

E =E(t)

v =v(t)

Ver = Ver(t,0)

N = N(t)= Ex/Es
Y

C(t,9)
R(t,0)

1

T

F

d(t,0)
0(t,0)
~a=a(t)
C

pk(t)’ qk(t)
P, q
Cs(t,0)
Ck(t,0)

c
€
(0

h(t,0)
H(t)
d(t)= dH(t)/dt
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Elasticity

Bulk modulus

Shear modulus

Young’s modulus

Poisson’s ratio

Creep Poisson’s ratio

Stiffness ratio

Efficiency factor (bonding between P and S)

Viscoelasticity

Creep function

Relaxation function

Viscosity

Relaxation time

Flow modulus

Developing function (from O to 1)
Creep parameter

Reversible creep factor
Consolidation parameter

Age dependent material properties
Rate powers

Shear creep function

Bulk creep function

Stress and strain
Stress

Strain

Volumetric eigenstrain

Others

Relatively "fast" function developing from O to 1
Heaviside’s step function, H(t<0) = 0, H(t=0) = 1

Dirac’s delta function
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