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Danish Technological Institute

Weighing equation including buoyancy
There tend to be some degree of confusion when discussing the terms of buoyancy, buoyant force, mass and weight. Consequently Figure
1 is included in order to illustrate the meaning and physics of these terms.

Forces acting on the body M:

w : Weight of the body M due to gravity

B : Buoyant force (upward force exerted by the fluid)
w': Upward force exerted by the balance (the
balance experiences a force of the same magnitude,
however with the opposite sign). Consequently, w’ is
the “apparent” weight of the body M as sensed by
the balance.

Figure 1: This figure illustrates a free-body diagram of a weight (body M) placed on a balance. All forces acting on the body M must sum
up to zero since the weight stays at rest. Applying Newton’s laws of motion we have:w =w’' + B . The upward force exerted by the balance
is described as: w =w - B =mg —mgp,/pu, where m, py, p, and g describe the mass of the body M, density of the body M, density of the
surrounding air, and the acceleration due to gravity, respectively. Dividing with g yields: w'/g = m(1 - p,/pn), Which explains how the ap-
parent weight w' of the body M, relates to the mass m of the body M. When balancing two bodies, you want to describe the equilibrium
(balance) of the two bodies using a comparator which, as the figure illustrates, senses the “apparent” weight of the body M. Conse-
quently, the right hand side of the previous equation is normally applied when describing a weighing process where a number of bodies
are in equilibrium. In addition, this illustrates how the resulting weighing equation is independent of the magnitude if the local gravita-
tional field.

The following equation describes a weighing process, where the balance’s internal weight of mass my, and density py,, is in equilibrium
with a reference weight of mass m,,,. and density py:

"lbal(:l - pacal/pbal) = "lwgt(:l - pacal/pwgt) (1)
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The calibrated mass my, can then be calculated given that the reference mass m,, is known from e.g. a certificate:

m —-m (1 - pacal/pwgt)
bal et (1 - pacal/pbal)

(2)

If the weight densities are equal, that is p,, = ppa, Which is often the case, then equation (2) tells us that the two masses can be com-
pared directly if the weighing of the two masses are performed close together in time.

Equations for dispensed water measurement corrected for buoyancy

Using this balance to measure a mass of an object is performed by comparing the balance’s internal mass with the mass of the object at
that specific air density.

First considering the buoyancy of the beaker, water, oil, and balance weight before measurement, where 0, is the offset of the balance
reading with an empty pan:

Tnball(1 - pal/pball) = mwpre(l - pal/pwl) + Tnoil(1 - pal/poill) + mbeaker(l - pal/pbeakerl) + 01 (3)
Solving for My (mass of pre filled water already in the beaker) and introducing a humber of constants for convenience:

_ Kbah Koi11 Kbeaker1 01
mwpre = Mpai, K — My K — Mpeaker K - K (4)
W1 w1 W1 W1

Where Kball = (1 - pal/pball )I le = (1 _pal/pwl)l Koill = (1 - pal/poill) and Kbeakl = (1 _pal/pbeakerl)'
Then a certain mass of water, m,,, is dispensed and meanwhile also the air density changes typically due to a change in the air pressure.

A change in temperature might also change the density of the balance beaker, water, oil and weight. Furthermore, the zero point offset
may have changed. This leads to a new equilibrium described by the following weighing equation:

mbalz(l — Pa, /pbalz) = mwpre(l ~ Pa, /pwz) + moil(l - paz/poilz) + mw(l — Pa, /pwz) + mbeaker(l — Pa, /pbeakerz) + 02 (5)



Danish Technological Institute

Equation (5) assumes that the temperature of the dispensed water and the water already present in the beaker are equal, which is rea-
sonable given the stable operating environment. Inserting My e from equation (4) into equation (5), introducing again a number of con-

stants and solving for m,, yields:

Kbalz Kball <Koi11 K0i12> (Kbeaker1 Kbeaker2> 01 02
My, = Myyl, ——— — Mpal, —— + Myl - Mpeak - +—— (6)
w a2 Ky, & Ky, o Ky, K, eaxer Ky, K, Ky, Kuw,

Where Kbalz = (1 - paz/pbalz )I sz = (1 - paz/pwz)l Koilz = (1 - paz/poilz) and Kbeakerz = (1 - paz/pbeakerz)'

Examples of assumptions to simplify equation (6):
- Assuming the offset error of the balance is the same before and after (0, = 0,).
- Assuming zero offset error of the balance (0, = 0, = 0).
- Assuming zero change in water density with a water temperature change (p., = pw,)-
- Assuming zero change in balance weight density (ppa, = ppa,)-
- Assuming zero change in oil density (i, = Poil, )-
- Assuming zero change in glass density (ppeaker, = Pbeaker,)-
- Assuming the mass of oil to be zero (m,; = 0).

These assumptions lead to a negligible error for the setup at DTI, however, this may not be the case in general as described by equation
(6). The above assumptions lead to a slightly simpler equation for the dispensed water, m,,, when taking into account the exact buoyancy
on objects with different densities:

Kw, Ky,

Kbalz Kbal <Kbeaker1 Kbeaker2> (7)

— 1
my = Mpg, K — Mpal, K + Mpeaker
W2 W1

Equations for dispensed water measurement corrected for buoyancy (based on conventional mass inputs)

Occasionally, the conventional masses are given instead of true masses, and in this case a similar equation describing the mass of the
dispensed water can be derived. Setting up weighing equations before and after dispensing water, yields two equations analogous to
equation (3) and (5), however now expressed by applying the conventional masses instead. In order not to confuse the concepts of true

5
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mass and conventional mass, the symbol c¢m is used here for conventional mass. Consequently, the conventional mass of the prefilled
water already in the beaker, cm,,, is described by the following equilibrium weighing equation (the balance offset is not accounted for

here, see the list off assumptions in the previous section which are also applied here):

My, = Crnball(1 + Cbali) - Cmoi11(1 + Coill) - Cmbeaker1(1 + Cbeakerl) (8)

(Pbal; —Pwq)(Pa;—Pay) (Poil; —Pw1)(Pa; —Pay) (Pbeaker; —Pw1)(Pa;—Pag)
Where €y, = —1—1=F81 “fo- 0L = L WISEL fo- = 1122 2o- and p,, = 1.2 kg/m?
bals = (ppat, —Pag) (Pwi—Pap)” O T (poil;—Pag)(Pwi—Pay) | PEKETL T (ppaker; —Pag) (Pwq—Pay) Pag g/

Likewise, the following equation describes the weighing equilibrium after dispensing water, with c¢m,,, denoting the total conventional mass
of water in the beaker:

My, = CMpg], (1 + Cbalz) - Cmoilz(l + Coilz) - Cmbeakerz(l + Cbeakerz) (9)

_ (Pbeakerz _sz)(Paz —Pag)

__ (Pbal, =Pw3)(Pay —Pag) _ (Poily=Pw3)(Pa;—Pa,) dc
an beaker, — _ _
(Pbeakery —Pag) (Pwz—Pay)

" (Pbaly—Pag)(Pwz—Paz)’ M2 T (poil,~Pag)(Pwz—Pas)

Where Cbalz

Now the conventional mass of the dispensed water can be calculated by subtracting equation (8) from equation (9), and by assuming that
Mg, = CMgjl, = CMgj; AN CMypearer,; = CMpeaker, = CMieaker (INdicating that the oil and beaker densities before and after water dispensing are

equal):

cmy, = Csz - me1 = Cmbalz (1 + Cbalz) - Cmball(l + Cbali) + Cmoil(Coi11 - Coilz) + Cmbeaker(cbeakerl - Cbeakerz) (10)
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Please notice that equation (10) only applies if the oil, beaker and water (p,, = pw, = pw) densities can be assumed to be the same before
and after dispensing water. If these assumptions are not valid, then a more general solution must be obtained from equation (8) and (9).
The above equation (10) describes the conventional mass of the dispensed water, however, only the true mass is useful when calculating
the flow. The mass of dispensed water can then be calculated from the conventional mass by applying the following equation:

1 —pao/po>

1_pao/pw (11)

m,, = cmw<
Where p,, = 1.2kg/m* and p, = 8000 kg/m?>.
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